In an earlier paper we enumerated the integral lattices of determinant one and dimension not exceeding 20. The present paper extends this enumeration to dimension 23, finding 40 lattices of dimension 21, 68 of dimension 22, and 117 of dimension 23. We also give explicit formulae for the Minkowski-Siegel mass constants for unimodular lattices (apparently not stated correctly elsewhere in the literature) and an exact table of the mass constants up to 32 dimensions, which provided a valuable check on our enumeration.
INTRODUCTION
The norm of a vector x is its squared length x.x, and is written N(x). An integral lattice A in real n-dimensional Euclidean .space IR n is said to be unimodular if it has determinant ±1, and an integral unimodular lattice is even, or of genus II, if the norm of every lattice vector is an even integer; otherwise it is odd, or of genus I. Even unimodular lattices exist only in dimensions which are multiples of eight, whereas odd lattices exist in all dimensions greater than zero. The history of the enumeration of integral unimodular lattices is described briefly in our earlier paper [9] . It is worth mentioning, however, that some of the recent interest in these lattices is due to their connections, as yet not fully understood, with the Leech lattice and with hyperbolic geometry (see [6, 10-12, 15,28,29] and Section 2.1 below). The even unimodular lattices in dimension 24 were found by Niemeier in 1968 [16] , and in [9] we enumerated the odd lattices in up to 20 dimensions. In the present paper we complete the enumeration of the odd lattices in dimensions below 24 by deriving them from Niemeier's lattices. We shall prove the following theorem. Table 1 . The lattices of minimum norm 1 are easily determined, as we shall see in Section 2, and the numbers of lattices in each dimension ma y be found in Table 6 below. The entries in Table 1 are explained in Section 2.8. The proof of Theorem 1 is based on the remark (justified in Section 2.3) that any such lattice is associated with a certain Niemeier lattice, and consists in finding all lattices that can be obtained from the Niemeier lattices, As a valuable check we determined the automorphism groups of the lattices in Table 1 , and verified that the sum of the reciprocals of the group orders of the lattices of each dimension is equal to the Minkowski-Siegel mass constant. Since we have not been able to find the mass constants stated correctly anywhere in the literature we give them here. (There are unfortunately still three errors even in the formulae as given in [26] .) For any undefined terms the reader is referred to [3, 14, 17, 22] . THEOREM 
2: THE MINKOWSKI-SIEGEL MASS CONSTANTS. Let C/Jx(n ) denote the family of all inequivalent lattices of dimension n and genus
is given by
Here B k and E k are the k-tk Bernoulli and Euler numbers, respectively: B o
(The formulae for genus I may be derived from [18] [19] [20] [21] [23] [24] [25] , while the formula for genus II is given in [22] .) The numerical values of these expressions for n :0;;; 32 are shown in Tables 2-4. 2. THE PROOF OF THEOREM 1 2.1. NIEMEIER'S RESULT. Niemeier [16] showed that there are exactly 24 even unimodular lattices in R 24 , 23 of which have minimum norm 2, and one, the Leech lattice A 24 , having minimum norm 4. We shall refer to these 24 as the Niemeier lattices.
The Niemeier lattices of minimum norm 2 (and more generally any integral lattice of minimum norm 1 or 2) are composed of various Witt components held together by glue. This glueing theory has been adequately described elsewhere ( [8, 9] ), and so we shall just recall that the Witt component lattices are taken from the list On(n ;;;.1), an empty component; 7L, the one-dimensional lattice of integers; and the root lattices An(n ;;;'1), D; (n ;;;. 1), E 6 , E 7 and E 8 • The subscript on a lattice indicates its dimension. We sometimes use L; to denote the m-dimensional integer lattice 7L m • The enumeration of these lattices is usually carried out up to equivalence, two lattices being called equivalent if one can be obtained from the other by a rotation and change of scale.
Alternative proofs of Niemeier's result have been given by Venkov [27] and in our earlier paper [9] . It is perhaps worth outlining a fourth proof, that uses hyperbolic geometry and throws some light on the connections between [7] , [to] and [16] .
Let G denote the group of all autochronous automorphisms of the even unimodular 26-dimensional Lorentzian lattice Ihs.b and let H be the reflection subgroup of G. The groups G and H were found in [6] , where in particular it was shown that H is a Coxeter group whose graph is isomorphic to the Leech lattice. From Vinberg's work [28] it follows that the even unimodular 24-dimensional Euclidean lattices of minimum norm 2 are described by those maximal subdiagrams of the Leech lattice that are unions of the extended Coxeter-Dynkin diagrams An(n ;;;.1), Dn(n ;;;.4), E 6 , E 7 and E 8 • But in [7] it was shown that there are precisely 23 such subdiagrams, which are exactly those corresponding to the Niemeier lattices of minimum norm 2. This result, plus the fact [4] that the Leech lattice is the unique even unimodular lattice of minimum norm ;;;'4, provides another proof of Niemeier's result. It also clarifies the one-to-one correspondence between the deep holes in the Leech lattice [7] and the Niemeier lattices. We must emphasize, however, that in no sense is this a short-cut to Niemeier's result, for the proofs in [7] required extensive computations.
REMARK. The notation used in this paper to specify the components of a lattice differs slightly from that used in [9] . For example the lattice E~Ol was called E~ [3] in reference [9] . The latter notation is more informative but less general (it fails when the empty component has dimension greater than one), and somewhat confusing, since [3] is also the name of a glue digit. We therefore recommend the ... On notation for general use. Our enumeration process considers all lattices of a chain simultaneously. For some purposes the most appropriate lattice to consider is the initial lattice Ant but for other purposes it is the 23-dimensionallattice An ffiI23-n • 2.3. THE ASSOCIATED NIEMEIER LATTICE. We now describe how an odd unimodular lattice An of dimension n~23 is associated with a uniquely determined Niemeier lattice N. For brevity we omit the easy justifications of some statements, since in any and the set of all vectors
CHAINS OF LATTICES, Every unimodular lattice
is an even unimodular 24-dimensional lattice. The latter is the Niemeier lattice N associated with An. In case (1) the D I generated by V is maximal and we obtain a 23-dimensionallattice not representing 1. Our symbol for this case is the glue word mentioned.
CONSTRUCfING
In case (2) the D 2 generated by rand s is maximal with [2] =~(r + s), and so the reduced lattice is 22-dimensional. The symbol for this case is a word with *'s in positions i and j and O's elsewhere.
The cases (~3) can be further subdivided as follows. Case (3): v = Vi is the vector (1, 1, -1, -1, Ok -3 
where Aut(N) is given in [9] and c(v) is the number of images of v under Aut(N). This number is easily computed as the product (2) where w =d 1d2 Table  5 . The values of c(w), which are usually small, were found by careful consideration of the group action, and are given in Table 1 . 
6(n;1) The orders of the automorphism groups of the lattices A" in Table 1 were calculated from Equations (1) and (2) . The lattices with minimum norm 1 were then found by forming direct sums A" $/m. and the mass constants were checked against the formulae given in Theorem 2. (This completes the formal proof of Theorem 1.) The numbers of lattices found in each dimension are shown in Table 6 . The purpose of the column headed glg2 in Table 1 is to provide the reader with an alternative and easier method of computing IAut(An)l, via the formula b IAut(An)1 = n go(~).gl(An)g2(An)' i=l (3) Here V h •.
• , Vb are the Witt components of An (givenin the column headed V in Table  1) , and the values of go(~) can be found in Table 7 . The product gl(A n)g2(An) is given in the column headed glg2 in Table 1 . For example the penultimate line of Table 1 refers to the lattice A~607' for which IAut(An)1 =(2!)16 .1 7 .645120.
(The explanation for this decomposition of IAut(An)1 may be found in [8] or [9] , but need not concern us here.) The values of glg2 were actually "back-computed" from Equations (1), (2) and (3) after the mass formulae check had been applied. 2.9. THE LEECH LATIICE. It remains to consider the unique Niemeier lattice with minimum norm greater than 2, the Leech lattice. In this lattice there is just one orbit of norm 4 vectors ( [5] ). Our construction produces a certain 23-dimensionallattice with minimum norm 3, which may be called the shorter Leech lattice. It appears in the last line of Table 1 , and is the only lattice in the table with minimum norm 3.
